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DIFFUSION MODEL OF LONGITUDINAL AGITATION
IN HEAT AND MASS TRANSFER PROCESSES.
PROBLEMS OF THE 2nd LEVEL

V. V. Zakharenko and T. N. Azyasskaya UDC 66.040.2:533.6.011.6

The paper is a continuation of {1] on systematization of the employment of a diffusion model (DM) for
describing heat and mass transfer processes. The object of consideration is a heat exchanger (a mass
exchanging apparatus) with two flows moving in the DM regime, ideal displacement, and ideal agitation.
All possible combinations of them are found. The problems are distributed according to three levels of
complexity. The solution of problems of the 2nd level is considered.

In [1] criteria for systematization of heat and mass transfer processes on the basis of a diffusion model
(DM) of longitudinal agitation of flows are suggested.

A heat exchanger (a mass exchanging apparatus) with two flows is the object of description. All possible
combinations of flow structures are considered. Differential equations are written and boundary conditions are
formulated for all the regions. An analysis is constructed on the basis of the carrying capacities of the transfer
stages and the process as a whole. The criterion R is introduced, which is the ratio of the carrying capacity of the
heat exchanger to the carrying capacity of transverse transfer. Particular descriptions are found and a general
formuiation of the calculation of R for the Ist-level problems is determined.

The problems of transfer are classified depending on the motion of heat carrier (phase) flows in the regimes
of ideal displacement (ID) and ideal agitation (IA), which are limiting for the DM.

The concern of this paper is an analysis of the 2nd-level problems, which correspond to the motion of one
flow in the DM regime and another in one of the limiting regimes (ID or IA;, and the derivation of formulas for
R and their generalization to this level.

All the quantities used are introduced in the first part of the work [1). The numbering of formulas and
tables is a continuation of [1].

We consider a technique for derivation of formulas for R of the 2nd-level models using the symbols
introduced in [1] to identify the version of the motion scheme:

hot (DM) -
cold (ID) «

For this case we take from Table 1 [1] the differential equations and boundary conditions
f‘—pT—ap(T—-t):O, at x=0 T'=T—%T, at x=1 T=0;

1+b(T-10)=0, at x=11=1. (16)

We solve the system by increasing the order of the differential equations for the temperature of the hot
agent T

T-T(p+b-T@-bp=0. (a7
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The characteristic equation is

E-@p+b6k—(@a-b)pk=0,
ko = 0, and k;, and k; are roots of the equation
K -(p+bk—(a-bp=0. (18)
In subsequent solution the properties of the roots are useful:
kky=—-(a-byp, ky +k;=p+5b.
The function
T =2y + A exp (k1x) + A, exp (kx) . (19)

is a solution of differential equation (17).
We substitute (19) into (16); then the temperature of a cold agent is

2

1 & K k, ks
t=12y + 4 1+;—E exp (kyx) + 4, 1+—;—E exp (kpx) .

Using the boundary conditions and denoting T — ¢ = A, we write a system of equations for determining
A; and 13 (when the difference A in inlet temperatures is used there is no need to determine Ag)

apA = A, (ap — ak, — ap exp k; — pk, exp k; + kf exp k;) +
+ A, (ap — aky — ap exp ky — pky exp kp + k% exp k;) ;
0 = Ak, exp ky + Ak, expk, .

Solution of the system yields

y apAk, exp k,
1= 2 ’
ky exp k, (ap — ak; + (— ap — pk| + kf) exp k) — ky exp ky (ap — ak, + (— ap — pky + k;) exp k;)
— aplAk, exp k;
).2 =

2 2 .
k; exp k, (ap — aky + (— ap — pky + ki) exp k;) — k; exp ky (ap — ak, + (— ap — pky + k3) exp ky)
The heat flux transferred from the hot agent to the cold agent during heat transfer is
, . 1 -
Q=G/C (T - T ) =G, (Tx=0 ~pTx=0" Tx=l) =

ky ka
=G1Cl A’l 1—?—expk1 +12 I—F—Ckaz B

Having divided both sides of the equation by G,CAa, we come to the criterion R = Q/(G1CAa). Having
substituted 4; and A, and transformed the equations (using the properties of the roots) we obtain as a result

R = (a—b+k1)exp(—k2)—(a—b+k2)exp(—kl)—-(kl-—kz)
Ta((@a-btk)exp(—ky) —(a-b+ky)exp(—kp)) — bk~ ky)
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or (this is convenient for subsequent analysis)

1 (1 _ ki -k J
b - k —k)—(a—b+k ~k
a (@a-b+k)exp(— k) — (a + ky) exp (— k;) 20)

R =

[ 4_b (1_ ki — k& j
a-b (@a—-b+k)exp(—ky) —(a—b+k))exp(— k)

The obtained equation for the 2nd ievel must turn into the corresponding equations of the Ist level given
in Table 2 {11, depending on the limiting values of the Peclet number (Pe = p): when p -» 0 (IA) and p - » (ID).
We show how this conversion takes place for p » «

hot (DM) - hot (ID) -
cold ((ID))<— = Cold ((ID)«.

We find the values of the roots of Eq. (18) for p = . For this purpose we express the discriminant VD of
the characteristic equation (18) as follows:

2_ _ 2 2
m=~/(b+7)2—4p(b—-a)=(p—b+20>\/(”b<p£bb++2§)'

Hence k; » b~a, ky > pforp > .
We substitute the values of k; 7 into (20); after cancellations

R = 1 —exp(b—a)

Ta-bexp(b—-a)’

or in final form
1
(1—-exp(—a+bd))
R= a—-b»
b 3

1+a_b(1—exp(—a+b))

which is in agreement with the earlier obtained equation (22) for a counterflow of agents in the ID regime in the
Ist-level problem.
We now demonstrate the limiting transition for the case of p » 0

hot (DM) - hot (IA) <
cc())ld((ID)<— = cold (D) <.

To determine to what the roots of Eq. (18) will tend, we write VD so that
Vb= -y 1+ 22
(b-p)
Then, when p - 0, the roots of the characteristic equation (18) are k; = 0, k; - b. After substitution into (20) we
find

I —exp(—b)

R= T —exp(=b) + 5’

or in final form
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1
5 (L —exp (= 8)
R b ex

_1+%(1—exp(—b))'

which is in correspondence to the earlier obtained equation (I13) for the considered Ist-level problem.

Thus, in both limiting cases, (20) naturally turns into the formulas derived earlier for the 1st level (this
indirectly indicates the correctness of the 2nd-level formula).

We now consider the version of the 2nd-level problem when one of the agents moves in the IA regime

hot (DM) ~»
cold (IA) & .
According to Table 1 the differential equation has the form
i‘——pT——ap(T—[):O,

where ¢ = const; the boundary conditions T'=T — (1/p)T at x=0, T=0at x= 1.
We replace the variable y = T - ¢; then

T=y+f{, T=yp, T=}. (21)
Hence
y—-py—apy=0. (22)
The characteristic equation is
k2——pk—ap=0. (23)

The properties of the roots are
kiky=—ap, kj +k,=p.
A function of the form

y = 4; exp (k1x) + A, exp (kpx) . (24)

is a solution of differential equation (22). Using the boundary conditions we obtain the system of equations
T —f =1, (1—%) + 4, (1 —%) :

0 = A1ky exp ky + Ayky exp &y,

hence
(T — 1) kyexp k,

A= % x, )
ky 1—? exp ky — kg 1—-; exp

- (T’ - t” ) kl exp k]

ha= ky ky ‘
k, 1——7 exp ky — ky I——p— exp k;

721



We substitute 4, and 4, into Eq. (24)
ky exp (ky + kyx) — ky exp (ky + kyx) (25)

)k (1 k‘) ky, — k (1 k’) k
2 P XP Ky 1 P €XP Ky

y=(T 1

and make a reverse substitution of variables according to Eq. (21).
The heat flux Q from the hot agent to the cold one is equal to

Q=GO (T -T)=GC,(f -1). (26)
We express T =T =1 and substitute it into (26). Then with allowance for T — ¢ = A
1 1
A=0Q + ,
GC, |1~ Pk~ ky) G, G
™ ky (p = ki) exp (= k) — ky (p — k) exp (— ky)
whence, having introduced Q/(AKF) = R, we obtain
R= - L ,
+ b
- Pk — k)
ky (P — k) exp (= k1) — ky (p — k) exp (- ky)
or, after conversions,
1f ky -k
a (a + ky) exp (— ky) + (a + ky) exp (— ky) @7

R =
1+QT1_ ki — k; )
a (a+ k) exp (— ky) — (a + ky) exp (— k;)

The obtained equation of the 2nd level must turn into the corresponding equations of the 1st level given in

Table 2 when p - 0 (IA) and p » « (ID).
We show the limit transition for p > «

hot (DM) - hot (ID) -»
cc())ld ((IA))<-> = cgld ((IA)) .

The values of the roots of Eq. (23) for p = « are

p?p\/(l+4§).

"1,2 = 72

For further transformation we use the series-expansion formula V1 + ¢ =~ (1 + £/2) when ¢ << 1. Then

and kl > —a, k2 = p.
We substitute the values of the roots in (27), then
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1 —exp(-a)

R= 550 = exp (- 2)

or in final form

La-ew-ay

1+20-exp(-ap’

R =

which is in agreement with the earlier obtained equation (9) for the considered 1st-level problem.
We show that for p - 0 the transition

hot (DM) -» = hot (IA) <«

cold (IA) & cold (IA) e
is realized.
Solving Eq. (23)
pxV 4ap \/(1+-‘%)
k2= 2

and using an expansion of the type V 1 + ¢ = (1 + £/2) at small ¢, we obtain k; = —Vap, k = Vap.
We substitute these values of the roots into Eq. (27); as a result we have

1(,_ -2Vap
a (@a~Vap)exp(-Vap)~(a+Vap)exp(Vap)
R = .
14201 - —2Vap
a (A-Vap)exp(-Vap)—(a+Vap)exp(Vap)

7 Expanding the functions exp (Vap) and exp (—Vap) into power series and restricting ourselves to the first
two terms of the expansion (recall, we consider the case of p —» 0), we find

exp(Vap)=1+(Vap), exp(-Vap)=1-Vap.
As a result

1

R=1Ta+b’

which is in full agreement with Eq. (10) for the considered 1st-level problem.
In a similar way we can obtain the remaining formulas for the 2nd-level problems. We give all the twelve
formulas of the 2nd level in combination with the corresponding characteristic equations (Table 3):

hot (DM) -

2 —
cld(ID) » % ~@=Dk-(a+bp=0,

1 ki — &y
at+b [1__(a+b+k1)exp(—k2)-—(a+b+k2)exp(—-k1))

. 28
0 ky — ky )’ 25

R =

T+ 2vs 1—(a+b+kl)exp(—k2)—(a+b+k2)exp(—k1)
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hot (DM) > 2 _
cold JA) » K —pPk—ap=0,

l 1 - kl - k2
. a (a+ ky)exp (= ky) — (a+ ky) exp (— kp) ' 29)

ek 1- k= Ky ’
a (a + ky) exp (— ky) — (a + ky) exp (- k)

h g
cﬁlﬁ((?sg)e K -@p+bhk-(a-bp=0,

a-b [l T (@—b+k)exp (- ky) — (@a— b+ ky) exp (- &y) (30)

1+ |1- -k ’
a—>b (@a—b+ky)exp(~ky) — (a— b+ ky) exp (— k)

hot (DM) « 2 _
cold(ID))—> E+@+bk-(a-bp=0,

a—->5 1"(a—b—kl)expkz—(a—b—k,_)expkl .
{40 —ky + ky ; Gh
a-b5|' @bk expk —(@a—b -k exp &,

R =

hot My« 2, ,
cold (1A) » K *Pk—ap=0,

1, —kth
a| " (a-k)expk, — (a— ky) expk,
—k + k :
e8] - e
a (a — ky) exp ky — (a — k;) expk,

(32)

R =

hot (DM) <« ,2 ., . _
cold (ID) < K+(p-bk—-(a+b)p=0,

a+b| " (a+b-—k\)expky— (a+ b~ ky) expk, 33)

1 —k + &y ’
T (a+b—k)expky— (a+ b — k) expk,

R=
0

a+ b

1+

hot (ID) » 2
cgld((mz[)a k' —(@-ak-(a+b)g=0,

1 (1 N ki — ky )
b b+ k —ky)—(a+ b+ k -k
a+ (a+ b+ kj)exp(—ky) — (a+ b+ ky)exp (— ky) . 34

R = ’
(N (I bk
a+ b (a+b+kl)exp(——kz)—(a+b+k2)exp(—kl)
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hot (IA) & kz—qk—bq=0,

cold (DM) -
1 1 — ky — K
b (b + kp) exp (= ky) — (b + k) exp (- k)
R = . 35)
1+201 - k= ky ’
b (b + k) exp(— ky) — (b + k) exp (— k)
hot (ID) « 2
1 ( - )
(—a+b) (—at+b+k)exp(—ky —(—a+ b+ k) exp (- k) 36
R_1+ a__ 1- ki~ ky , >
hot (ID) ~» 2
cold((Dg{)« K+ @+ak—(—a+bg=0,
(—a+ b (—a+b-—k)expky—(—a+b—ky)expk,
R= ; (37
1+ —= 1- “hth
(—a+b) (—a+b—k)expk, —(—a+b—ky)expk
hot (IA) = 2 _
cold (DM) « K * @k =ba=0,
b (b_‘kl)expkz_(b—kz) expkl
. . (38)
a —k +k2 ’
1+401 - !
b (b—k))expky — (b— k) expk
hot (ID) « 2
cgld((DI\)/I)e K+@-ak—(a+bqg=0,
L, —k th
a+b (@a+b—k\)expky—(a+b—ky)expk; (39)

R =

0 -k + ky )
L+ ovs (1 - (a+b—k1)expk2—(a+b—k2)expk1]

All these formulas of the 2nd level turn into the corresponding 1st-level equations for both hot (p = 0,
p - ) and cold (g - 0, g > ) agents (this is an indirect confirmation of the correctness of the 2nd-level
formulas).

Formulas (28)-(39) obtained for different 2nd-level problems contain criteria a and b in different
combinations. For example, in the first three characteristic equations and formulas for R (29), (29), and (30) the
difference is only in the multiplier 1 at 5, which takes values of +1, —1, or 0. This makes it possible to increase
the level of generalization of the characteristic equations and formulas for R.
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We recall that the sign functions I (for the hot agent) and m (for the cold agent) are introduced in [1] to

allow for the flow direction (see Table 2) and acquire the values: +1 for flow », 0 for IA, and —1 for flow <.
The presented formulas of the 2nd level were reduced to the following four expressions of a general form:
1) hot (DM) - (formulas (26)-(30)) to expressions

B-(p-mbk—-(a+mbp=0, (40)

a+mb[1_(a+mb+k1)exp(—k2)—(a+mb+k7_)exp(-kl)]

R = ; (41)
1+ atb—(atmb 1 - ki — k;
1+ |m})(@a+mb) (@a+mb+ k))exp(— k) — (a+mb+ ky) exp (— ky)
2) hot (DM) <« (formulas (31)-(33)) to expressions:
B+@p+mbk-(a-—mbp=0, (42)
a-mb| ~ (a—-mb—k)expk, — (a—mb— k) expk,
R = ; (43)
|+atb=(a-my — kit k
(1+ |m|)(a—mbd) (a—mb—k)expk, — (a—mb— ky)expk;
3) cold (DM) - (formulas (34)-(36)) to expressions:
B-(g-lak-(la+bg=0, (44)
L, _ ki — ky
la+b (la+b+k)exp(—ky) — (la+ b+ ky)exp(— k) (45)
R = ;
(4atb-—(a+d) [ ki — kK
A+ 1D da+b) (la+b+k)exp(—ky) —(la+ b+ k) exp(— k)
4) cold (DM) <« (formulas (37)-(39)) to expressions:
K+@+lak—(-la+bg=0, (46)
1 L)
—-la+bd 1_(—la+b—kl)expkz—(—la+b—k2)expkl
R = . (47)
{4 atb—(=la+d) (, _ —k ik
A+ D (-ta+d) (—la+b—k)expk, — (—la+b— k) expk

A single formula generalizing all cases has not yet been obtained.

An analysis of general formulas (41), (43), (45), and (47) reveals situations when the calculation of R
becomes impossible: in the case of the strict equality a = b there arises division by zero. To overcome this difficulty
we transform Eqs. (40) and (41). We introduce the notation p — mb = f, a + mb = ¢. Then (40) is rewritien as

kz—fk—gp=0. (48)

The roots of this quadratic equation are
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TABLE 3. Levels of the Complexity of Problems and Numbers of Computational Formulas

Cold

Hot ID DM IA DM ID

m=+1 m=+1 m=0 m=—1 m=—1

ID --> * * *
o1 6 34 9 37 12
DM -
(il 28 29 30
lli‘_"l 7 35 10° 38 13"
DM < 31 32 33
1=-1

If_‘_l 8" 36 i’ 39 14"

*Formulas 6)-(14) see in [1].

S R

Expanding the radicals into series and restricting ourselves to the first two terms of the expansion (since
4pg/ £ << 1), we find the values of the roots

b =-Eg, (49)
=f+ks. (50)

To calculate R by formula (41) we should also expand into series the expressions exp (—k; ) and exp
(~k3)

exp(—kl)zl—kl=1+£;:g. 1

To find an expression similar to exp (—k;) we use the properties of the roots of Eq. (48) k; + k3 = f. Then
exp (—kp) = exp (—f) exp k; =1 + k; (since k; << 1) and with account for (49) we have

exp (- k) = exp (= f) (1 - %g) . (52)
Now formula (41) can be presented in the form
1(,_ ky — ky
g (8 + ky) exp (— kp) — (g + ky) exp (— ky) (53)
= 1+<]1- Lk ’
g (8 + ky) exp (= ky) — (g + kp) exp (— ky)

where ¢ = (a + b — (a + mb))/(1 + Iml) is a coefficient from Eq. (41).
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We substitute expressions (49)-(52) into (53) and transform allowing for the fact that g = 0 is valid at a =

) Pt a-emem+t

1+c[(1—1f1) (l—exp(—f))—jlj+1;7:|

or in final form

p—-mb T p-mb p—mb
R= (54)

1+C[p—lmb(l_p—pmb) (l—exp(—(P—mb)))+p_mb}

The derivation of similar formulas for the remaining general equations (43), (45), and (47) requires
analogous transformations.

For convenience the numbers of all twelve obtained formulas are given in Table 3 according to the level of
complexity and the sign variable.

( I )(1 —-L~)(1—exp(—(p—mb)))+——f’——
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